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ON A SOLUTION TO A FUNCTIONAL EQUATION
ALEXANDER E PATKOWSKI
Abstract. We offer a solution to a functional equation using properties of
the Mellin transform. A new criteria for the Riemann Hypothesis is offered as
an application of our main result, through a functional relationship with the
Riemann xi function.
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1. Introduction
It is known that the Mellin transform offers a rich theory in solving differential, in-
tegral, as well as difference equations [3]. The approach is used to first reduce these
equations to a simpler functional equation, and then apply the inverse transform.
The purpose of this short note is to study some properties of the solution of the
three-variable functional equation
(1.1) f(z, y + x) + zf(z, y) = zg(y).
Comparing this equation with the methods outlined in [3, pg.172] in studying dif-
ference equations, one can find that we have the solution
(1.2) f(z, y) = −
1
2pii
∫
(a)
g(y + xs)
(
pi
sin(pis)
)
z−sds,
where −1 < ℜ(s) = a < 0. To see this, one needs to replace y by y + x, replace s
by s− 1, moving the line of integration to −1 < ℜ(s) − 1 < 0. Then compute the
residue at the pole s = 0 to find we arrive at (1.1). To ensure convergence of our
integral, we use Stirling’s formula [3, pg.121] σ <∞,
Γ(σ ± it) = O(tσ−
1
2 e−
pi
2
t),
1
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as t → ∞, to make sure that g must not grow as fast as pi/ sin(pis). Meaning, we
require
(1.3) |g(s)| < Ae(r+δ)|s|,
for constants A, r > 0 and small δ > 0. This also implies that we have to have
0 < x < pi/r.
Proposition 1.1. Let g(z) be an analytic function for ℜ(z) > 0 which satisfies
(1.3) in this region. Let H(t) be a locally integratable function which satisfies the
condition H(t) = t−1H(t−1), and has the Mellin transform g(s) for s ∈ C. Then
we have that
f(z, y) =
1
x
∫ ∞
0
zt
zt+ 1
t−y/x+1/x−1H(t1/x)dt,
is a solution to the functional equation (1.1) when 0 < x < pi/r.
Proof. First, it is known [3] that for −1 < ℜ(s) < 0,
(1.4)
∫ ∞
0
ts−1
(
t
t+ 1
)
dt = −
pi
sin(pis)
,
and by hypothesis for s ∈ C
(1.5)
∫ ∞
0
ts−1H(t)dt =
∫ ∞
0
ts−2H(t−1)dt =
∫ ∞
0
t−sH(t)dt = g(s),
hence g(s) = g(1 − s). On the other hand, replacing s by y + sx and changing
variable t to t1/x, gives
g(y + sx) =
1
x
∫ ∞
0
t−y/x−s+1/x−1H(t1/x)dt.
(For the existence of such a function H(t) see, for example, [2, Proposition 5.55,
pg.152].) In conjunction with Parseval’s theorem for Mellin transforms with (1.4),
and noting C ∩ {s : −1 < ℜ(s) < 0} = {s : −1 < ℜ(s) < 0} is the common region
of analyticity, we find the solution offered in our proposition. 
2. The Riemann xi function
We provide a new criteria for the Riemann Hypothesis from our proposition from
the previous section by appealing to results on the Riemann xi function ξ(s) :=
1
2s(s − 1)pi
− s
2Γ( s2 )ζ(s) [4]. As noted in [3], the functions g which satisfy the (1.3)
condition in our introduction include entire functions of order one. A well-known
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example of such a function is the Riemann xi function [4, pg.29]. It is a known
result [1, pg.207–208] that for any s ∈ C,
(2.1)
∫ ∞
0
ts−1H¯(t)dt = ξ(s),
where
(2.2) H¯(t) := 2t2
∑
n≥1
(2pi2n4t2 − 3pin2)e−pin
2t2 ,
for t > 0.
Theorem 2.1. Let ρ = 12 + iγ denote the non-trivial zeros of the Riemann zeta
function ζ(s), and 0 < x < pi/r′. Then the Riemann hypothesis is equivalent to the
statement that f¯(z, ρ+ x) + zf¯(z, ρ) = 0, where
f¯(z, y) :=
1
x
∫ ∞
0
zt
zt+ 1
t−y/x+1/x−1H¯(t1/x)dt,
and
|ξ(s)| < A′e(r
′+δ)|s|,
for constants A′, r′ > 0.
Proof. From Proposition 1.1 with g(s) = ξ(s) and (2.1)–(2.2), we have that f¯(z, y+
x) + zf¯(z, y) = zξ(y). This together with the fact that the Riemann hypothesis is
implied from ξ(ρ) = 0, gives the result. 
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